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REGULARITY AND QUANTIFICATION FOR HARMONIC 
MAPS WITH FREE BOUNDARY 

PAUL LAURAIN AND ROMAIN PETRIDES 


Abstract. We prove a quantification result for harmonic maps with free 
boundary from arbitrary Riemannian surfaces into the unit ball of with 

bounded energy. This generalizes results obtained by Da Lio [J on the disc. 


Let [M^g) be a smooth Riemannian surface with a smooth nonempty boundary 
with s connected components. We fix n > 2 and let be the unit ball of 
A map u : (M, g) —)> is a smooth harmonic map with free boundary if it is 

harmonic and smooth up to the boundary, u{dM) C S” and d^u is parallel to u, 
(or dyU S The energy of such a map is defined as 

E{u) = / |Vm|^ dvg = u ■ dyudug . 

Jm JdM 

Harmonic maps with free boundary are a natural counterpart of S”-valued harmonic 
maps which are critical points of the energy E with the constraint that \u\^ = 1 on 
the surface. The difference is that one requires |it| = 1 only on the boundary. 

Harmonic maps with free boundary naturally appear for instance as critical 
points of Steklov eigenvalues when the metrics stay in a fixed conformal class, as 
noticed by Fraser and Schoen [3]. This is the counterpart of S^-valued harmonic 
maps which are critical points for the Laplace eigenvalue when the variation of 
metrics lie in a fixed conformal class (see for instance Petrides 0). There are 
also of course strong links between critical points of Steklov eigenvalues, harmonic 
maps with free boundary and minimal surfaces in a (n+ l)-ball with free boundary 
conditions. We refer once again to Fraser-Schoen [3]. 

We prove the following quantification result for harmonic maps with free bound¬ 
ary : 

Theorem 1. Let Um '■ —>■ a sequence of harmonic maps with free 

boundary, i.e Um{dM) C S" and Um is parallel to dyUm such that 

limsup / \yura'^gdvg < -too . 

m—>-|-oo JM 

Then, there is a harmonic map with free boundary Uoo ■ M —>■ B""*"^ and 

• - ■ ■ ,uj^ a family of 1/2-harmonic maps R —>■ S", 

• a^, • • • , a family of converging sequences of points on dM, 

• Aj,j, • • • , a family of sequences of positive numbers all converging to 0, 

such that up to the extraction of a subsequence, 

Um ^ Uoo iu CiooiM \ {Q-oo, ' ' ’ , , 


and 


Em . idy Rm ^ 0 j 


I PM 


1 


2 


PAUL LAURAIN AND ROMAIN PETRIDES 


where we identify dM to s copies ofS^ = R U { 00 } ; 

S 

dM=\J C, , 

with S Cj \ {cxj} for some j, 

R^ = Um-Uoo-J2u;^ ■ 

In particular, in the space of measures on the boundary, we have the convergence 

i 

Um-di/Umd^g 'U>oo-dy'llood(7g ~\- ^ ^ j 

where denotes the energy of the harmonic extension of a;* on R+, noticing that a 
map uj on the real line R. x {0} is i-harmonic if and only if his harmonic extension 

w : K2 ]gn+l 

is harmonic with free boundary. Notice also that a harmonic map 
with free boundary and finite energy oj : —>■ corresponds to a harmonic 

map with free boundary on the disc by Claim|3]below and the remark which follows. 
Therefore, uji is automatically conformal and by Fraser and Schoen [4], we get that 
a;i(D) is an equatorial plane disc and that the energy of such a map satisfies 


Ci = E{uJi) = / uJi.{—dtOJi)ds G 27rN . 
jRx{0} 

Thus our result is indeed a quantification result, analogous to those of Sacks- 
Uhlenbeck [n], Parker [7] for §"-valued harmonic maps, or of Laurain-Riviere [5] 
for similar equations. 


In the case of the disc, {M,g) = (D,^), this theorem has already been proved 
by Da Lio [1]. In this case, the correspondance between harmonic maps with free 
boundary on the disc with harmonic extensions of ^-harmonic map on the real line 
is used. Denoting her energy as 


E{u) 


All 


2 

dx , 


she made use of another variational problem on the real line. This correspondance 
is no more true for general surfaces. 


The proof of our theorem relies classically on a e-regularity property. Proving it 
permits also to prove a regularity result on weak harmonic maps with free boundary. 
A map u : {M, g) —>■ is called weakly harmonic with free boundary if u{x) G S" 

for a.e x G dM and if for any v G L°° fl R"+^) with v{x) G T„( 3 .)S" for a.e 

X G dM, 


/ (Vu, Vn) dvg = 0 . 

J M 

Such a map is a critical point for the above energy E with respect to the variations 
Ut = ■K{u + tv) for any v G R"+^) with v{x) G for a.e x G dM, 

where for z G R"+^, 7r(z) denotes the the nearest point retraction to z in 
Then we have the following : 
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Theorem 2 (Scheven [12)h A weakly harmonic map with a free boundary u : 
{M,g) —>■ is always smooth until the boundary and thus is a classical harmonic 

map with free boundary. 

This regularity theorem was originally proved by Scheven [12) . even in a more 
general context. This theorem is the analog of that of Helein for S^-valued 
harmonic maps. 

Another proof, in the case of the disc, was also given by Da Lio-Riviere [2], 
using the correspondence already explained above. Our proof of this result is an 
adaptation of the proof of Scheven [12]. However, we are more careful and precise in 
the regularity estimate, thus transforming this regularity estimate into an a priori 
estimate, passing from a regularity result to an e-regularity result. This is crucial 
to prove Theorem [Tj 

As already said, harmonic maps with free boundary in the unit ball naturally 
appear as critical points of Steklov eigenvalues. Both our theorems are crucial in 
order to prove existence of regular metrics which maximize fc-th Steklov eigenvalue 
on a surface, either with a conformal class constraint or not, as was stressed by 
Fraser and Schoen [3]. This is achieved in Petrides (9). 

Our paper is organized as follows : section [T] is devoted to the proof of Theorem 
[21 thanks to an e-regularity result, see Claim 3. We also obtain a crucial result 
of singularity removability in Claim 4. Our proof is based on the rewriting of 
the equation with a suitable structure, see Claim 2, permitting to use Wente’s 
inequality, as studied carefully by Riviere [10] . Section |2| is then devoted to the 
proof of Theorem [TJ Capitalizing on the e-regularity result, we are able to prove a 
no-neck energy result after having described the concentration phenomenon which 
may appear. 

Acknowledgements : The first author was visiting the Department of Mathe¬ 
matics of Stanford University when this article was written, he would like to thank 
it for its hospitality and the excellent working conditions. 

1. Regularity results 

We denote by Dj.(a;) the Euclidean disc centered at a: G of radius r and we 
let Dr = Dr(0) and D = Di. On the upper half space, we let D+ = D^ 0 (M x 1R+) 
and D+ = D^. 

We hrst recall a lemma proved by Scheven lemma 3.1, which states that a 
weakly harmonic map with free boundary with small energy cannot vanish close to 
the boundary dM. 

Claim 1 ([H]). There exists cq and C > 0 such that for any 0 < e < eo, and any 
weakly harmonic map u G iT^(D''', such that u(R x {0}) C S", if 



then for any x G Dt, 

2 

d(u(a;),S") < Ce^ . 

To prove the regularity result, we will extend the weakly harmonic map with free 
boundary u : {M,g) —>■ by a symmetrization with respect to the boundary. 
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Since u is harmonic in the interior of M, it is smooth. It remains to prove that u 
is smooth at the neighbourhood of each point a G dM. We take a conformal chart 
(p : U ^ centered a.t a G U such that 

• 0(a) = 0, 

• 0*(e^'“^) = g, where w is some smooth function and ^ is the Euclidean 
metric, 

• 0(aMnc/) =/ = (-1,1) X 0. 

We let u = u o 0“^. Then, by conformal invariance, we have that for any v G 
C“(]D>+,IR”+i), vix) G ra(,,)S" for a.e x e (-1,1) x {0}, 


/ (Vu, Vu) = 0 . 


jd+ 

Applying Claim [U we can assume up to a dilation that 

Vx G D''', |u(x)| > i . (1.1) 

In particular, u does not vanish and we can define its extension in D as follows : 


i u on D+ 

a o uo r on D“ 


( 1 . 2 ) 


where for z G a{z) = is the inversion w.r.t. the unit sphere S”, and for 

X = (s, t) G R^, r(x) = (s, —t) and 1D>“ = r(]D>+). 


Claim 2. We have that u G iJ^(]D>) and satisfies in a weak sense : for 1 < j < n + 1, 

n+1 

in ID) (1-3) 


— div{AVuj) = (Aij-, Vui) ir, 
where A G i/^(ID)) is defined by 

A = 

and for 1 < 0 j < n + 1, Xij G L^(D) is defined by 


i=l 


1 1 ])+ 
m 


( 0 D+ 


and satisfies in a weak sense 




div{Xij) = 0 in . 


(1.4) 


Proof. We immediately have that u and Xij satisfy 

Am = 0 and div{Xij) = 0 in D'*' \ I 
in a classical sense. Direct computations give that 

-div (on D” \ J 
\\u\ J |m| 

so that 

div{Xij) = 0 in ID)” \ I 
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for 1 < i,j < n + 1 and 


—div ( {Xi jyVui) in D \I 

Vl“l / 

for 1 < j < n +1, both in a classical sense. It remains to prove that these equations 
are still true on D in a weak sense. Thus, for equation (11.31) . we need to prove that 

VuGCr(D,M"+i), / (Vu,Vu)+/ I I = 0. 

Jo+ Jo- \ | m | I 

(1.5) 

For that purpose, we first remark that, for any w G L°° n (D, we have by 

direct computations, using the change of variable by the reflection r, that 

/ (Vu, Vw) = / (V((T o u), V (w o r)) (1.6) 

^B+ JID)- 

since a o u = u o r. More lengthy but straightforward computations also lead to 

(Vi,V») 

(1.7) 




V (tj o u), V j w — 2 


UjWj 


Indeed, 


(Vft, Xw) 


^ ^ ; XUi) ' 


(Xu, Xw) 




Xuj, X Wj 


( 1 . 8 ) 


V (cr o u) = V 


Xu 

7X2 


V lul" U 


(1.9) 


and 




UjWj 


Xu 




„ XwjUj 


2E^ 


.Vlul- 




J ' ' J ' ' 

Let now v G C“(D,R"+^) and let us set 


( 1 . 10 ) 
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and 

1 / N \ 

VaO r = — \ vor — v + 2{u-v) —^ 

2 V l“l / 

so that Va +Ve = V. Note that Va and Ve are in L°° fl i7^(D, Note also that 

we have 

„Ve-U^ 

Ve O r = Ve — 2 - ttU 


and 


VaOr = - \ Va - 2—TrU 


Then we can write, applying (HH) and (ini with w = Va and w = Ve and using 
these last equalities, that 


f {Vu,Vv)+ f 
Jd+ Jb- \ |m| 

= f (VU, VVa) + [ ( VUz) (Va), 

+ [ (VU, VVe) + [ I ^ VU,) {Ve)^ 

Jd+ Jd- \ \u\ ^ 

= I (Vu,VUa)- / (V (cr ou) , V (Ua O r)) 

Jb~ 

+ / (V{t,VUe)+ / (V (cr O u), V (Ue O r)) 

Jb+ Jb~ 

= 2. ( (Vu, VUe) . 
jd+ 

Noticing now that if a:: S K x {0}, 

Ue(a;) = v{x) - {u{x) ■ ■u(a:)) u{x) G , 

and recalling that u is weakly harmonic with free boundary, we know that 


f (Vu, VUe) = 0 

Jd+ 


which clearly ends the proof of (lEsI. 
It remains to prove dm, that is 


V/GCr(D,K"+i), [ (V/,X,.,)=0. 







HARMONIC MAPS WITH FREE BOUNDARY 


7 




Let f 

I [ (V/,X,,,) = 

^ .In 


and 1 < z, j < n + 1 be such that i ^ j. Then 

/ UjVui — UiS/uj ' 


/d+ 


-,v/ 


(cr o u)jV{a o u)j — ((TO u)iV{a o u)j 
\u o al'^ 


V(/or) 


/ {ujVui - UiVuj,V{f o r)) 

Jo+ 

I (VujjjVm) 

Jd+ 


= 0 , 


where Vi^ G (D,]R"’+^) is defined by 


[ ^3 

if fc = i 

(.Vi,j)k = f or X < -Ui 

iik = j 

1 0 

otherwise 


and {vij{x),u{x)) = 0 for x S D. This ends the proof of the claim. 


❖ 


Notice that this construction is similar to Scheven’s one m- However, in Claim 
[2J we give a suitable form to the equation that satisfies the symmetrized map u : 
we use its structure to prove an e-regularity result that will be useful for the second 
part of the paper. This type of equations was intensively studied by Riviere (see 

[ID]). 

Claim 3. There is ei > 0 and a constant Ck such that if a weakly harmonic map 
with free boundary u satisfies at the neighbourhood of a G dM 

f |Vw|"<ei, 

Jd+ 

then u € C°°(Dt) and for any k > 0, 

2 


Proof. We fix 0 < €2 < eo that we shall choose later, 
[1] and we assume that 

/ |Vzi|"<e2. 


where eg is given by Claim 


Since Xij G L^(IDi) satisfies (m, that is div{Xij) = 0 in a weak sense in D, there 
is a function Bij G H^(D) such that Xij = Then, u G 7L^(]D>) satisfies the 

equations 

f -div(AXuj) = Vwi) 

( rot{AXui) = {X^A,Xui) 

Let p £ Di and 0 < r < i. We let C £ iJ^(D) be such that 


J ACj = inDr(p) 

((7 = 0 on (?Df.(p) 


( 1 . 11 ) 
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Since div{A\/u — VC) = 0, there is D G i/^(II)) such that = AS/u — VC. We 
set D = (j) + V where v is harmonic and (f) satisfies 

r = — (V^pI, Vui) in Dr(p) 

!_(/) = 0 on d^r lp) 

Wente’s theorem applied to (11.111) and (I1.12|) gives the estimates 

A ATo II V{t||^ 2 (]|j^(p)) and 

II^^^IIl2(]D)^(p)) < Kq II Vm||^2(jj^(p)) , 

with Kq a universal constant. Here we used (HD. Moreover, by Riviere cni, lemma 
VII. 1, 


( 1 . 12 ) 

(1.13) 

(1.14) 


I|v^'I1l2(d^(p)) < Ye • 

Then we have by Young’s inequalities and (11.131) . (11.141) that 


(1.15) 


|Vu|| 




= \\A-^AVu 

< 2||H-^f 

— M M oo 

< 2||24-if 

— M M oo 


L2(d^(p)) 


(l|VC||i2(„^(,)) + ||VC"^ 


L2(d^(p)) 


{ZKI ||Vfi||t2(„^(p)) + 2 ||Vr;||i2(„^(p))) . 


And an integration by parts on Dr(p) gives that 

||AVm||^2(d^(p)) = II^C'||^2(D^(p)) + l|VZl||^2(D^(p)) 

since C = 0 on (p). Now we also have that 

II^^IIl2(D^(p)) = II^^IIl2(D^(p)) — II Vp||j;,2(]D)^(p)) < l|VZl||^2(D^(p)) 

so that, since A{x) < 1 for a.e a: G D, we can write that 

II^^IIl2(d^(p)) < Ye - Ye ^ Ye 

and we finally get that 

l|V«fL^(e^(p)) < 6^0 ll^-iL l|Vfi||t.(„,(p)) + ^ l|Vfi||i2(„^(p)) . 

Since ||A“^||^ < le thanks to (11.11) . up to choose 62 = , we get that 

II II OO ^XyO jvq 

II^^IIl2(]D) ^ (p)) < 7 ; II^^IIl2(d^(p)) 

for any p G Di and 0 < r < i. Thanks to Morrey estimates, see page 50 of [lOj . 

and the elliptic regularity on the equation, knowing that V^H < if |V{t| almost 
everywhere for some constant if, we get a constant C independent of u such that 

l|V«ll^,,,(„^) <C'l|Vfi||^2(„) . (1.16) 



|Vfi|" 



Since by (11.21) 
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using (jl.lL and setting ei = we get 


|Vwr < ei 


|Vu|^ < €2 . 


Jd+ Jo 

Finally, by elliptic regularity theory, we can bootstrap (I1.16|) thanks to the equation 
on the half space. 


r Au = 0 on D'*' 

[ —dtu = {u.{—dtu))u on I 


and get the claim. 

Theorem [5] of course follows from this claim. 


❖ 


Thanks to Claim [31 we also have a result of removability of singularities for 
harmonic maps with free boundary which will be useful in the next section. 


Claim 4. Let u : M \ {o} —>■ with finite energy be such that for any v € 

n L°°, supp{v) C M \ {a} and v{x) G T„( 2 ,)S" for a.e x G dM, 



{yu, dvg = 0 . 


Then u extends to a harmonic map with free boundary u : M ^ . 


Proof. First, using Claim|31 it is clear that u is smooth outside of a. We use in 
the sequel the same notation as above since the problem is purely local. Thus we 
can assume that M = D+, that the metric is Euclidean and that a = 0. By a direct 
scaling argument, using again Claim [3] and standard elliptic regularity theory for 
harmonic maps in the inside of D+, there exists a constant C > 0 such that 

sup |a;|^ ^ 

D ipi (p)nD+ Jo ipi (p)nD+ 

4 2 

for all p G 10“'' with |p| < ^ as soon as 

f |Vu|' < ei . 

•^Dj^(p)n]iJ+ 

2 

Since \7u £ (D'*') by assumption, we deduce that 

sup |a;| |Vm| — >■ 0 as r —>• 0 . (1-17) 

D+ 


Let V G (D'*") be such that for all x G M x {0}, v{x) G Then we have, 

integrating by parts, that 

/ (Vu, Vz;)= / -dvU-v. 

JO+\ot Jdot 

Using (11.171) and the fact that Vm G (D'*’), we can pass to the limit as r —0 to 
obtain that u is in fact a weak harmonic map with free boundary. It is thus regular 
thanks to Theorem [2] we just proved. 

❖ 

Notice that thanks to Claim |4l we have a correspondance between harmonic 
maps with free boundary u : D — )> B^^^ and v : —)> B"+^, thanks to / : R^ —>■ 
]D>\ {(0,1)}, the conformal map defined by f{z) = 
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Finally, Claim [3] reveals an energy gap for harmonic maps with free boundary 
on discs: if a harmonic map with free boundary oj : —>■ satisfies 

[ |Vw|" < ei 

then w is a constant map. Indeed, by Claim [3] and an obvious scaling argument, we 
get that 

ll^^llc«(D+) — II^^IIl2 

for all i? > 0 for some fixed constant Cq. Letting R go to +oo gives that uj is 
constant. 


2. The quantification phenomenon 
W e aim at proving Theorem [T] 

Step 1 : Points of concentration. 

Since the energy of the sequence (um) of harmonic maps with free boundary is 
bounded, we only have a finite number of points, denoted by a^, • • • , such that 

Vr > 0,limsup / \Wum\ldvg > ci . (2.1) 

m->.+oo JBg{a*,r) 

Notice that a* G dM for any \ <i < q. Indeed, \i G M \ dM, then, since Um 
is harmonic, elliptic regularity theory gives a constant C independent of m such 
that 

||VMm|lcO(Bg(aL|)) — 1 ^ 11 ^ 77111 ^^ 1,2 , 

where <5 = d{a^,dM) > 0, so that (Vum) is uniformly bounded on |). This 

contradicts m- 

By e-regularity around each point of dM \ {a^, ■ ■ ■ , a'^}, (see Claim El), we get 
that 

Um ^ Uqq in Clg^{M \ {a^, • • • , a’}) as m -)> -|-oo , (2.2) 

where Uqo satisfies the hypothesis of Claim U] so that Uoo extends to an harmonic 
map with free boundary in C°°(M, ]R"+^). 

Step 2 : Blow-up around a* G dM. 

We take a conformal chart (jii :Ui ^ R.^ centered at a® G Ui such that 

• ())i(a®) = 0, 

• (/>*(e^“’®^) = g, where Wi is some smooth function and ^ is the Euclidean 
metric, 

• (l)i{dMnUi) cRx {0}. 

We fix 1 < i < q and we let ul^ = Um ° and = Uoo o We choose 
Vi > 0 small enough such that for any j ^ i, ^ ID)+ and at the neighbourhood 

of a® e dM, 

[ < I . (2.3) 

Jo+ 4 

Since a® satisfies (EH), we can take such that 



(2.4) 
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Notice that 

—y 0 as tti —y -t-oo . (2.5) 

Indeed, if limsup > 0, by the definition of n, and (I2.2|l . passing to the limit in 

m—>-+oo 

(I2.4|) would contradict (12.31) . 

We set for x € 

ulnix) = . 

Since ul^ is harmonic with finite energy, elliptic estimates prove that, does 
not concentrate on R x (0,+oo). Moreover, by (12.41) and Claim [3l ul^ does not 
concentrate on R.^ \ (—1,1) x {0}. Therefore, outside some concentration points 
a*’^, • • • , S (—1,1) X {0}, we have 

—>■ in \ {a*’\ • • • , a*’®’}) as m —>■ +oo . (2.6) 

Let / : ^ D the conformal map defined by f{z) = Then o satisfies 

the hypotheses of Claim|4]on D\ {1, /(a*’^), • • • , /(a®’®’)} so that o f~^ extends 
to an harmonic map with free boundary in C°°(D,]R"+^). Thanks to (12.41) . (12.51) 
and Claim m we have that 

lim lim / |Vu(„P = 0 

fi^.+oom^-+oo_/n+^^ \D+ 

so that by (j2.4|) and (12.6|) for R large enough, 

Vu®oor>j- (2.7) 

In particular is a non-constant function, which is to a ^-harmonic map on the 
boundary (one of the a;.^’s given by Theorem [IJ. 

Step 3 : Iteration. 

As a classical bubble tree extraction (see [7]), we have two cases: Either there 
are concentration points and we go back to Step 2 at the neighbourhood of each 
a®A. Or there is no concentration points for the sequence (uln) (that is = 0 in 
Step 2) and the process stops. 

This process has to stop since at every new concentration point, we get a bubble 
whose energy is at least ^ by dMl). 

Finally, we state a no-neck-energy lemma which concludes the proof of Theorem 

[H 



Claim 5. Let (Am) be a sequence of positive numbers converging to 0. Let {um) 
he a sequence of harmonic maps on ID)’'' with uniformly bounded energy and free 
boundary on (—1,1) x {0} such that 



Ad+\d+ 

Then, 

lim lim 

K—>-+oo m—^-\-oo 

and 



[ IVUmi" < I 

Ad+\d+ 


|VUm|^ = 0 


— 0 


( 2 . 8 ) 


(2.9) 


lim lim 

R—^+oo m^+oo 


( 2 . 10 ) 
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Proof. 

We set Am,R = \ ^rn,R = Am,R fl (M X {0}) and 

Sm,R = max |z| \VUm\ (z) . 
zeAm.R 


step l:We have that 

lim limsup(5m,R = 0 . ( 2 . 11 ) 

i?—>- + 00 


Proof of Step 1 - Notice that R i—>■ 5m ,r and R i—limsup(5m,i? are nonincreas- 

m—>-+oo 

ing. We proceed by contradiction, assuming (12.111) is false. Then there exists a 
subsequence {ma)a>i converging to +oo such that 

Sm^,a > eo > 0 (2.12) 


for some eo > 0 fixed. Let Za € be such that Smo,,a = \za\ |VMm„| (za)- It 

is clear that —?> 0 and —> +oo as a —>■ +oo. We let Ua{x) = Um^, i\za\x) so 
that, by Claim |3l 

Ua —t Moo in C;Qg(R^ \ { 0 }) as a —>■ +oo 

where Uoo is harmonic with free boundary. Then, since, after passing to a subse¬ 
quence. 


|Vm„ 


[Za = 


VUo 


|Vuoo( 2 :)| as a —>■ - 1-00 


where z = lim 7 -^, we get thanks to (12.121) that |Vmoo(- 2 )| > co- By assumption 

a->-|-oo \Za\ 

(12.81) . II Vuoo||i 2 (g^) < ^ so that by the remark at the end of Section 1, Uoo should 
be constant. This is a contradiction which ends the proof of this step. 


Step 2: 


lim limsup||Vu™||^ 2 ,cx=(A„H) = 0 
R—^-\-oo m^-\-oo 


(2.13) 




Proof of Step 2 - We easily check that 
so that 

II^Mm II A2,oo(Am,R) — 

and we get (12.131) thanks to Step 1. 

Step 3: 


< for any m and i?. 


lim sup lim sup || VeMm||^ 2 ,i(A,„ ^1 

R^-\-oo m—>-+oo 


< -foo 


(2.14) 


Proof of Step 3 - Here we use the symmetrization process given by Claim [5] And 
such estimates on the angular derivative for solutions of this type of equations were 
obtained in Laurain-Riviere [^. First, we have to ensure that |Mm(a^)| does not 
vanish for x € Am.R- For x € Am,R, we have that 

TT 

|Mm(a;) - Mm( 2 /)| < ■;r|a:| sup iVu^l 

^ |z| = |x| 

for some 1 / S (—1,1) x {0}. Since \u{y)\ = 1, we deduce that 


|Mm(2^)| ^ 1 t^^m.R 
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Since R i—!> 5m ,r are decreasing for every m and thanks to (I2.11L we deduce that 
there exists i?o and mo such that for all R > Rq and all m > mo, 

\Um\ ^ ^ in ■ 

Up to a scaling and since we are interested only in large m and large R and in order 
to simplify the notations, we may assume that i?o = 1 and that mo = 1. We set 
now 

Um in 1 ])“'" \ D J 

(T o Um Of in \ DAm 

Applying the computations of Claim [21 we get that, for 1 < j < n + 1 , 

n +1 

- d^v{AmVui,) = Y,{Xl;^ 


(2.15) 


(2.16) 


i=l 


in a weak sense where Am is defined by 

Am^ = s 1 


D+ \ 
D“ \ 


and for 1 <i,j < n + 1 , is defined by 

0 


and satisfies in a weak sense 


rx Vti 

Z -—75- 


]D)+ \ D+ 
D" \D)^ 


dtv(X^) = 0 . 


(2.17) 


We also have that for Am < r < 1, 


/ = / 

JdBr ^dl 

-I 




(cr O Umy'^icr o UmY - ((TO UmT"^ (<T O UmY 


0D+ \ |cr O UmO| 

/ (ul^d^U^m-UmduUi,:V) 

J dot 

[ {uLdtUm - UmdtW>m) 

J [—r,r] X {0} 

- div {uiyum - UmVu^) 


= 0 


since Aum = 0 and dtUm is parallel to Um on [—r, r] x {0}. From this and (I2.17L 
we deduce that there exists such that X^d = X^B^d _ Now, we still denote by 
Um and Am extensions of Um and Am on L°° (IH^CD) such that there is a constant 
D independent of m with 

II V'Um||/^2(]u) < 72 IIV'Um|li2(p\p^ ) and || VAm||^2(]]j) < 72 || VAm||^2(j],\[],^ ) . 

I 2 .I 8 ) 
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For instance, if / : D \ ' 


we take the extension 


/W = / 


zXt 


zXt 


for z G , where (p G (D) is a cut-off function such that (p = 1 on . 
We let Dm be such that 

Vu^) in D 

Dm = 0 on 9D 


(2.19) 


Since rot{AmX/Um — '^^Dm) = 0, there is Cm such that VC^ = Am'^Um — '^^Dm, 
and Cm satisfies the equation 


on D \ . We set Cm = ipm + Vm where Vm is harmonic and ipm satisfies 

ML = E* , V<) in D \ Da,„ 

ipm = 0 on 9D U 9 Da„ . 


( 2 . 20 ) 


Wente’s estimates involving the L^’^-norm on the disc for (12.191) with the estimates 
(I2.18D on the extensions Um and Am and L^’^-Wente’s estimates on the annulus (see 
[6], lemma 2.1) for (12.201) give constants and Ki independent of m such that 

|2 


IVI?. 


( 2 . 21 ) 

( 2 . 22 ) 


^m|lL2.i(D) — -^0 II V'Um||i2(]u\]u^^) 
l|V'*/'m|li2,l(jj\p^^) < Ki II VUm,||^2(]|j\]|j^^) . 

Since Vm is harmonic, we get a Fourier series 

Vm = cl, + (fm ln(r) -f {c^rP + d^r-P) 
pSZ* 

and since ’VgVm has no logarithm part, we use [5], lemma A.2, to get a constant 
K 2 independent of m such that 


II V6(Um||i2,l(]]jj < K 2 II VUm||i2(]]j\]]j^^) < K 2 || VCm || ^2 ) 

2 

since Vm is the harmonic extension of Cm on D \ Da,„ . Then, by Young inequalities 
and since Am < 1, 


||V6lUm||2,2,l(]]j^\]|j2^^) < 21^2 (|E-^"*IIl 2(]D)\]D)^^) + l|VMm|li2(]]jy]u^^)^ (2.23) 

Now, (I2.21L (12.221) and (12.231) give that 


II VgUmll j;^2,i(]Uj^\D2Xm) — ^(-^0 “b ATi) II V{(m||i2(]uy]]j^^) 

2 

+AV 2 K 2 ll^b‘rn|lt2(D\D;,^) + l|VMm|| L2(D\D>,„,) • 

Looking at this inequality in Am,R completes the proof of Step 3. 

Gathering Step 2 and Step 3, the duality gives that 
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Since Um is harmonic with free boundary in D+, we have the following Pohozaev 
identity 

[ \ygUmf=[ for all 0 < r < 1 . (2.25) 

JdB+ + 

Indeed, let us write with some integration by parts that 


0 = 


+ yiu m ■ Alt r) 


'dot 


IV r'^n 


/(-l,l)x{0} 


(x (Um)^ + y {Um)y^ ■ {Um)^ 


+ [ |Vum|^ + i/ (x(\Vumf) +y(\Vu„ 
Jot ^ Jot V ^ ^ ^ 


— r / IVt.'Utj.jI 

J dot 

Now we have that 


/(-1.1)x{0} 


d(-l,l)x{0} 

since on (— 1 , 1 ) x { 0 }, 


(a; {Um)^ + V ■ (Mm)y + |Vu„ 

(x (Um)^ + y {Um)y) ■ {Um)y = 0 


(x {Um)^ + y iUm)y'j G TliiS" 

and {ujn)y is orthogonal to r„S”. This proves (I2.25P since IVm^I^ = \^rUn 
iVeu"*!^. Integrating (12.2511 gives that 


iVu^l =2 


ivgu^r 


n,,R 


n,,R 


so that (12.9|) follows thanks to (I2.24|) . 
Finally, we have that 


I / Ujfi.dj-Ujfi I 

JIm.R aA„,H JdD+ XdD+^ 

7T ■” 


SO that 


/ Um-{-dtUm) < / \VUm\^ + / |VWm|+ / |Vltm| 

Jim.R XArn.R J 80+ ^90+^ 

TZ "" 

and (12.101) follows from (12.91) and (12.111) . 

This ends the proof of Claim 5, and as already said finishes the proof of Theorem 

m 

❖ 
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